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a b s t r a c t
The tenacity of a graph G, T (G), is defined by T (G) = min{ |S|+τ(G−S)
ω(G−S) }, where the minimum
is taken over all vertex cutsets S of V (G), ω(G− S) be the number of components of G− S
and τ(G− S) be the number of vertices in the largest component of the graph induced by
G− S.
A k-tree of a connected graph G is a spanning tree with maximum degree at most k. In
this paper we show that if T (G) ≥ τ(G−S)
ω(G−S) + 1k−2 , for any subset S of V (G), with k ≥ 3, then
G has a k-tree.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
We consider only finite undirected graphs without loops and multiple edges. Let G be a graph. We denote by V (G), E(G)
and |V (G)| the set of vertices, the set of edges and the order of a graph G, respectively. For a subset S of V (G), let G[S] denote
the subgraph of G induced by S. The degree of a vertex v in a graph G is denoted by dG(v). The end vertex v of a graph G is
a vertex of degree 1 in G, that is dG(v) = 1. A k-tree of a connected graph is a spanning tree with maximum degree k. Of
course, for k = 2, this notion reduces to that of a Hamiltonian path.
The concept of tenacity of a graph G was introduced in [5,6], as a useful measure of the ‘‘vulnerability’’ of G. In [6]
Cozzens et al. calculated tenacity of the Harary Graphs. In [10], we compared integrity, connectivity, binding number,
toughness, and tenacity for several classes of graphs. The results suggest that tenacity is a most suitable measure of
stability or vulnerability in that for many graphs it is best able to distinguish between graphs that intuitively should
have different levels of vulnerability. In [1,3,4,7–9,11–22], they studied more about this new invariant. The tenacity of
a graph G, T (G), is defined by T (G) = min{ |S|+τ(G−S)
ω(G−S) }, where the minimum is taken over all vertex cutsets S of G. We
define τ(G − S) to be the number of the vertices in the largest component of the graph G − S, and ω(G − S) be the
number of components of G − S. A connected graph G is called T -tenacious if |S| + τ(G − S) ≥ Tω(G − S) holds
for any subset S of vertices of G with ω(G − S) > 1. If G is not complete, then there is a largest T such that G is T -
tenacious; this T is the tenacity of G. On the other hand, a complete graph contains no vertex cutset and so it is T -tenacious
for every T . Accordingly, we define T (Kp) = ∞ for every p (p ≥ 1). A set S ⊆ V (G) is said to be a T -set of G if
T (G) = |S|+τ(G−S)
ω(G−S) .
Any undefined terms can be found in the standard references on graph theory, including Bondy and Murty [2].
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Fig. 1. Degree of any vertex in A is equal k.
Fig. 2. Kt , k-tree of H .
Fig. 3. k-tree Kt∗i , i = m, n.
Theorem 1. If
T (G) ≥ τ(G− S)
ω(G− S) +
1
k− 2 , with k ≥ 3, (1)
for any vertex cutset S of G, then G has a k-tree.
Proof. By contradiction. Suppose (1) holds and G has no k-tree. Among all induced subgraphs of G having a k-tree, let H be
one of maximal order. Let A be the set of vertices of H adjacent in G to some vertex not in V (H). Since G is connected, A is
therefore nonempty. Now we use the following lemmas and corollaries to prove the above theorem. 
Lemma 1. The degree of a vertex of A in any k-tree of H is k.
Proof. Among all the induced subgraphs of G having a k-tree, H has maximal order. If H had a k-tree Kt having y ∈ A of
degree less than k, then H could be expanded to include a neighbor x of y not in H . Since this is impossible, in any k-tree Kt
of H , for any vertex u ∈ A, we have dKt(u) = k, (Fig. 1). 
Lemma 2. Let Kt be a k-tree of H and let u be a vertex in A, so dKt(u) = k. Suppose Kti, 1 ≤ i ≤ k, be the components of Kt−{u}
and for some m and n with m 6= n, there is a vertex xm of Ktm adjacent in H to a vertex xn in Ktn. Then at least one of xm and xn,
say xm has the following property: if u is an end vertex in a k-tree of G[V (Ktm)∪ {u}], then in that k-tree, xm has degree k and so
also dKt(xm) = k.
Proof. Let ui, 1 ≤ i ≤ k, be the vertex of Kti adjacent in Kt to u, (Fig. 2). If, for i = m, n, the vertex u is an end vertex in
k-tree Kt∗i of G[V (Kti) ∪ {u}], (Fig. 3), in which dKt∗i (xi) < k, then we may obtain from Kt a new k-tree Kt∗ of H by replacing
Ktj, together with the edge of Kt joining uj to u by Kt∗j for j = m, n. But then dKt∗(xm) and dKt∗(xn) are both less than k. So,
by deleting one of the edges joining u to um or un from Kt∗ and adding the edge of H joining xm to xn we obtain yet another
k-tree of H , (Fig. 4). But in this latter k-tree, u has degree less than k, in contradiction to our observation about the vertices
in A. To avoid this contradiction, we conclude that, under our opening supposition, at least one of xm and xn, say xm, has the
above property. 
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Fig. 4. k-tree Kt∗ .
Fig. 5. Components of Kt − P .
From Lemma 2, we have the following corollary:
Corollary 1. There are a k-tree Kt of H and subsets P and Q of V (H), with P non-empty which satisfy the following properties:
Property 1. P ∪ Q is a subset of the set of vertices of Kt of degree k in Kt.
Property 2. Let Kti, 1 ≤ i ≤ r, be the components of Kt − P, (Fig. 5). If for some i and j with i 6= j, the vertex xi of Kti is adjacent
in H to the vertex xj of Ktj, then xi or xj is in Q .
Property 3. Let 1 ≤ i ≤ r, and let P(Kti) be the set of all vertices of P which are adjacent in Kt to some vertex of Kti. If all the
vertices of P(Kti) are end vertices of a k-tree of G[V (Kti)∪ P(Kti)], then in that k-tree, every vertex of V (Kti) contained in Q has
degree k.
Property 4. If v is a vertex of Kt adjacent in G to a vertex not in V (H), then v is in P ∪ Q .
Proof. To establish the existence of Kt , P and Q as asserted in the above corollary, let P = {u} and let Q be the set of all
vertices xm of Kt − {u} satisfying property of Lemma 2. Then Property 1 holds. Property 2 holds with r = k because of the
way inwhichwe have picked the vertices xm which go intoQ . Property 3 follows from Lemma 2, on noting that P(Kti) = {u},
1 ≤ i ≤ r = k, and Property 4 holds because a vertex of Kt − {u} adjacent in G to a vertex not in H satisfies the Property
of Lemma 2 and so is in Q while u itself is in P . Hence, we have established the existence of Kt , P and Q . as asserted in
Corollary 1. 
Lemma 3. Let w be a vertex of Q on the path in Kti joining y and z, (Fig. 6) and let Kti,j, 1 ≤ j ≤ s, be the components of
Kti − {w}, (Fig. 7). Further for 1 ≤ j ≤ s, let P(Kti,j) be the set of all vertices of P which are adjacent in Kt to some vertex of Kti,j
and let wj be the vertex of Kti,j adjacent in Kt tow. Now suppose that, for some m and n, with m 6= n, there is a vertex ym of Kti,m
adjacent in H to a vertex yn of Kti,n. Then at least one of ym and yn, say ym has the following property: If w and all the vertices of
P(Kti,m) are end vertices in a k-tree of G[V (Kti,m) ∪ P(Kti,m) ∪ {w}], then in that k-tree, ym has degree k.
Proof. We are now in a position to copy part of our proof of Lemma 2. Assume that, for j = m, n, the vertex w and all the
vertices of P(Kti,j) are end vertices in k-trees Kt∗i,j of G[V (Kti,j) ∪ P(Kti,j) ∪ {w}] in which dKt∗i,j(yj) < k. For 1 ≤ j ≤ s, with
j 6= m, n, let Kt∗i,j be the k-tree obtained from Kti,j by adding to V (Kti,j) and E(Kti,j) respectively the set P(Kti,j) and the set
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Fig. 6. Path in Kti .
Fig. 7. Components of Kti − {w}.
of edges of Kt joining vertices of P(Kti,j) to vertices of Kti,j. But then we can form a k-tree of G[V (Kti) ∪ P(Kti)] by taking
the union of the k-trees Kt∗i,j, 1 ≤ j ≤ s, together with the vertices of P(Kti) adjacent in Kt to w and the edges joining wj to
w for j 6= m, n; and, in this k-tree, all the vertices of P(Kti) are end vertices while both ym and yn have degree less than k.
Finally, deleting one of the edges joiningw towm orwn from this k-tree and adding the edges ofH joining ym to yn we obtain
yet another k-tree of G[V (Kti) ∪ P(Kti)] in which all the vertices of P(Kti) are end vertices. But now, in this latter k-tree, w
has degree less than k in contradiction with Property 3 of Corollary 1, since w was chosen to be in Q . In order to avoid this
contradiction while retaining our initial supposition, the subsequent assumptionmust be false and at least one of ym and yn,
say ym has the above property. 
Having established that the choice provided by Properties 1–4 of Corollary 1 is indeed open, we immediately exercise
this choice in the following by taking Kt , P and Q such that |P ∪ Q | is maximal, where Kt , P and Q are as in Corollary 1.
With this choice of Kt , P andQ we now establish a further corollary, fromwhich the theorem follows as a straightforward
consequence.
Corollary 2. There is no edge of H joining components of Kt − (P ∪ Q ).
Proof. Given our choice of Kt , P and Q , we derive a contradiction by assuming that there is an edge of H with endpoints y
and z joining two components of Kt − (P ∪ Q ). If the path in Kt joining y and z contains a vertex of P , then by Property 2 of
Corollary 1, either y or z is in Q which is absurd. Thus this path contains no vertex of P and y and z are therefore in the same
component Kti of Kt − P for some i, with 1 ≤ i ≤ r , (Fig. 6), in the notation of Property 2. Now letw be a vertex of Q on the
path in Kt joining y and z and let Kti,j, 1 ≤ j ≤ s, be the components of Kti−{w}, (Fig. 7). Further for 1 ≤ j ≤ s, let P(Kti,j) be
the set of all vertices of P which are adjacent in Kt to some vertex of Kti,j and letwj be the vertex of Kti,j adjacent in Kt tow.
Now let Q ′ be the set of all vertices of Kti − {w} having property of Lemma 3. Further, let P∗ = P ∪ {w} and
Q ∗ = (Q ∪ Q ′)− {w}. Then Lemma 2 holds with P∗ and Q ∗ replacing P and Q , respectively. Moreover, |P∗ ∪ Q ∗| is greater
than |P ∪ Q |, since Q ′ contains y or z. But this contradicts our choice of Kt , P and Q ; and this contradiction shows that there
is no edge in H joining components of Kt − (P ∪ Q )which establishes Corollary 2. 
Now Corollary 2 and Property 4 of Corollary 1 tell us about the components of G− (P ∪ Q ) for our choice of Kt , P and Q
and hence enable us to prove our Theorem.
Proof of Theorem 1. Since H is an induced proper subgraph of G, Property 4 implies that the components of G − (P ∪ Q )
are the components of H − (P ∪ Q ) together with the components of G − H of which there is at least one. But Corollary 2
shows that there are as many components of H − (P ∪ Q ) as there are of Kt − (P ∪ Q ). The number of these components is
least when Kt[P ∪ Q ] is itself a tree, in which case Kt − (P ∪ Q ) has
k · |P ∪ Q | − 2 · (|P ∪ Q | − 1) = (k− 2) · |P ∪ Q | + 2
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components, since by Property 1, every vertex of P∪Q has degree k in Kt . Thus, G−(P∪Q ) hasmore than (k−2) · |P∪Q |+2
components. Now from (1) for any subset S of V (G)we have:
















Therefore ω(G− S) ≤ (k− 2) · |S| + 2, in violation of above result; and this final contradiction proves the theorem. 
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